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ON THE GAUSS SUMS AND GENERALIZED BERNOULLI NUMBERS*
ПРО СУМИ ГАУССА ТА УЗАГАЛЬНЕНI ЧИСЛА БЕРНУЛЛI
Using the properties of primitive characters, Gauss sums, and the Ramanujan sum, we study two hybrid mean values of
Gauss sums and generalized Bernoulli numbers and give two asymptotic formulas.
Iз використанням примiтивних характерiв, сум Гаусса та суми Рамануджана вивчено два гiбридних середнiх значення
сум Гаусса й узагальнених чисел Бернуллi та отримано двi асимптотичнi формули.
1. Introduction. Let χ be a Dirichlet character modulo q ≥ 3. For any integer n, the Gauss sum
G(n, χ) is defined as following:
G(n, χ) =
q∑
a=1
χ(a)e
(
an
q
)
,
where e(y) = e2piiy. Especially for n = 1, we write τ(χ) =
∑q
a=1
χ(a)e
(
a
q
)
. The various
properties and applications of τ(χ) appear in many analytic number theory books (see reference [1]).
Maybe the most important property of τ(χ) is that if χ is a primitive character modulo q, then
|τ(χ)| = √q. If χ is a non-primitive character modulo q, τ(χ) also appears many good value
distribution properties in some problems of weighted mean value. For example, Y. Yi and W. Zhang
[2] studied the 2k-th power mean of inversion of L-functions with the weight of Gauss sums, and
gave some interesting formulae.
Let χ be a non-principal Dirichlet character modulo q. The generalized Bernoulli numbers Bn,χ
is defined by the following:
q∑
a=1
χ(a)
teat
eqt − 1 =
∞∑
n=0
Bn,χ
n!
tn.
This sequence of numbers has considerable fascination and importance. The definition and basic
properties of generalized Bernoulli numbers can be found in [3]. H. Liu and W. Zhang [4] used the
properties of primitive characters and the mean value theorems of Dirichlet L-functions to study the
hybrid mean value ∑
χ 6=χ0
χ mod q
τm (χ)Bmn,χ,
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and give a sharper asymptotic formula.
It might be interesting to study more mean value of the Gauss sums and generalized Bernoulli
numbers. In this paper, we use the properties of primitive characters, Gauss sums and Ramanujan
sum to study two hybrid mean value of Gauss sums and generalized Bernoulli numbers, and give
two interesting formulae. That is, we shall prove the following.
Theorem 1. Let q ≥ 3 be an integer. Then for any given positive integers n > 1 and m we
have ∑
χ 6=χ0
τ(χ)6=0
Bmn,χ
τm(χ)
=
(−1)m2m−1(n!)m
(2pii)nm
qm(n−1)−1φ2(q)
∏
p‖q
(
1 +
1
p− 1
)
+O
(
qm(n−1)d(q)
)
,
where
∑
χ6=χ0
τ(χ)6=0
denotes the summation over all non-principal characters modulo q with τ(χ) 6= 0,∏
p‖q denotes the product over all prime divisors p of q with p | q and p
2 - q, φ(q) is the Euler
function, d(q) denotes the divisor function, and the O-constant depends on m and n.
Theorem 2. For any fixed positive integers m > 2 and n > 1, we have
∑
χ1 mod q
 ∑
χ2 6=χ0
τ(χ1χ2)Bn,χ2
m = (−1)(n+1)m(n!)m
(2pii)nm
qm(n−1)φ2m(q)+
+O
(
qm(n+1)−1d(q)
)
+O
(
qm(n+1/2)+1dm(q)
)
,
where the O-constant depends on m and n.
2. Some lemmas. To complete the proof of the theorems, we need the following lemmas.
Lemma 1. For any integer q ≥ 3, let χ be a non-primitive character modulo q, and q∗ denote
the conductor of χ with χ⇐⇒ χ∗. If (n, q) > 1, we have
G(n, χ) =

χ∗
(
n
(n, q)
)
χ∗
(
q
q∗(n, q)
)
µ
(
q
q∗(n, q)
)
φ(q)φ−1
(
q
(n, q)
)
τ(χ∗), q∗ =
q1
(n, q1)
,
0, q∗ 6= q1
(n, q1)
,
where µ(n) is the Mo¨bius function, and q1 is the largest divisor of q that has the same prime factors
with q∗.
If (n, q) = 1, then we have
G(n, χ) = χ∗(n)χ∗
(
q
q∗
)
µ
(
q
q∗
)
τ(χ∗).
Proof. See reference [5].
Lemma 2. Let q and r be integers with q ≥ 3 and (r, q) = 1, χ be a Dirichlet character
modulo q. Then we have the identities∑∗
χ mod q
χ(r) =
∑
d|(q,r−1)
µ
(q
d
)
φ(d)
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and
J(q) =
∑
d|q
µ(d)φ
(q
d
)
,
where
∑∗
χ mod q
denotes the summation over all primitive characters modulo q, and J(q) denotes
the number of primitive characters modulo q.
Proof. This is Lemma 3 of [6]. Also one can see Lemma 4 of [7].
Lemma 3. Let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a
square-free number. Then for any given positive integers n > 1 and m we have
∑
d|v
∑∗
χ mod ud
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=−∞
r 6=0
χ(r)
rn

m
=
2m−1φ2(q)
q
∏
p‖q
(
1 +
1
p− 1
)
+O (d(q)).
Proof. It is easy to show that
∑
d|v
∑∗
χ mod ud
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=−∞
r 6=0
χ(r)
rn

m
=
=
∑
d|v
∑∗
χ mod ud
[1 + χ(−1)(−1)n]m
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=1
χ(r)
rn
m =
=

2m
∑
d|v
∑∗
χ mod ud
χ(−1)=1
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=1
χ(r)
rn
m , if 2 | n,
2m
∑
d|v
∑∗
χ mod ud
χ(−1)=−1
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=1
χ(r)
rn
m , if 2 - n.
Let τm(r) denote the m-th divisor function (i.e., the number of positive integer solutions of the
equation r = r1r2 . . . rm). Note that J(u) = φ2(u)/u, if u is a square-full number. Then using the
methods of Lemma 3 in [4] and Lemma 2 in this paper we have
∑
d|v
∑∗
χ mod ud
χ(−1)=−1
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=1
χ(r)
rn
m =
=
∑
d|v
∑
t1| vd
. . .
∑
tm| vd
µ(t1) . . . µ(tm)φ(t1) . . . φ(tm)
tn1 . . . t
n
m
+∞∑
r=1
τm(r)
rn
∑∗
χ mod ud
χ(−1)=−1
χ(t1 . . . tm)χ(r) =
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=
1
2
∑
d|v
∑
s|ud
µ
(
ud
s
)
φ(s)
∑
t1| vd
. . .
∑
tm| vd
+∞∑
r=1
t1...tmr≡1 mod s
µ(t1) . . . µ(tm)φ(t1) . . . φ(tm)τm(r)
(t1 . . . tmr)
n −
−1
2
∑
d|v
∑
s|ud
µ
(
ud
s
)
φ(s)
∑
t1| vd
. . .
∑
tm| vd
+∞∑
r=1
t1...tmr≡−1 mod s
µ(t1) . . . µ(tm)φ(t1) . . . φ(tm)τm(r)
(t1 . . . tmr)
n =
=
1
2
∑
d|v
J(ud) +O
∑
d|v
∑
s|ud
φ(s)
+∞∑
l=1
1
(ls+ 1)n−1+
+
+O
∑
d|v
∑
s|ud
φ(s)
+∞∑
l=1
1
(ls− 1)n−1+
 =
=
1
2
∑
d|v
J(ud) +O (d(q)) =
φ2(u)
2u
∑
d|v
J(d) +O (d(q)) =
=
φ2(u)
2u
∏
p|v
(p− 1) +O (d(q)) = φ
2(u)
2u
∏
p|v
[
(p− 1)2
p
(
1 +
1
p− 1
)]
+O (d(q)) =
=
φ2(q)
2q
∏
p‖q
(
1 +
1
p− 1
)
+O (d(q)) .
Similarly we can get
∑
d|v
∑∗
χ mod ud
χ(−1)=1
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=1
χ(r)
rn
m = φ2(q)
2q
∏
p‖q
(
1 +
1
p− 1
)
+O (d(q)) .
So we have
∑
d|v
∑∗
χ mod ud
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=−∞
r 6=0
χ(r)
rn

m
=
2m−1φ2(q)
q
∏
p‖q
(
1 +
1
p− 1
)
+O (d(q)) .
Lemma 3 is proved.
Lemma 4. Let χ be a Dirichlet character modulo q and n > 1 be a fixed integer. Then we
have
+∞∑
r=−∞
r 6=1
G(r, χ)
(r − 1)n =

(−1)nφ(q) +O (d(q)) , if χ = χ0 is the principal character,
O
(
q1/2d(q)
)
, otherwise.
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Proof. First we suppose that χ is a non-principal character modulo q. Noting that
G(r, χ) ≤ (r, q)q1/2,
then we have
+∞∑
r=−∞
r 6=1
G(r, χ)
(r − 1)n  q
1/2
+∞∑
r=2
(r, q)
(r − 1)n = q
1/2
∑
d|q
∑
2/d≤l<+∞
d
(ld− 1)n =
= q1/2
∑
d|q
1
dn−1
∑
2/d≤l<+∞
1
(l − 1/d)n  q
1/2d(q).
If χ = χ0 is the principal character modulo q, then G(r, χ0) = Cq(r) is the Ramanujan sum.
Noting that
Cq(r) =
∑
d|(q,r)
dµ
(q
d
)
,
then we have
+∞∑
r=−∞
r 6=1
G(r, χ0)
(r − 1)n =
+∞∑
r=−∞
r 6=1
1
(r − 1)n
∑
d|(q,r)
dµ
(q
d
)
=
∑
d|q
+∞∑
l=−∞
ld6=1
dµ (q/d)
(ld− 1)n =
= (−1)n
∑
d|q
dµ
(q
d
)
+
∑
d|q
+∞∑
l=−∞
ld6=1
l 6=0
dµ (q/d)
(ld− 1)n =
= (−1)n
∑
d|q
dµ
(q
d
)
+O (d(q)) = (−1)nφ(q) +O (d(q)) .
Lemma 4 is proved.
3. Proof of the theorems. In this section, we complete the proof of the theorems. Let q ≥ 3
be an integer, and χ be a Dirichlet character modulo q. The generalized Bernoulli numbers can be
expressed in terms of Bernoulli polynomials as
Bn,χ = q
n−1
q∑
a=1
χ(a)Bn
(
a
q
)
.
From Theorem 12.19 of [1] we also have
Bn(x) = − n!
(2pii)n
+∞∑
r=−∞
r 6=0
e (rx)
rn
, if 0 < x ≤ 1.
Therefore
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Bn,χ = q
n−1
q∑
a=1
χ(a)
− n!(2pii)n
+∞∑
r=−∞
r 6=0
e
(
ar
q
)
rn
 = −n!qn−1(2pii)n
+∞∑
r=−∞
r 6=0
G(r, χ)
rn
. (1)
Let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a square-free number.
Let q∗ denote the conductor of χ with χ⇐⇒ χ∗, then
τ(χ) = χ∗
(
q
q∗
)
µ
(
q
q∗
)
τ(χ∗) 6= 0
if and only if q∗ = ud, where d | v. So from Lemmas 1 and 3 we have
∑
χ 6=χ0
τ(χ)6=0
Bmn,χ
τm(χ)
=
∑
d|v
∑∗
χ mod ud
−n!qn−1(2pii)n ∑
t| v
d
χ
( v
dt
)
µ
( v
dt
)
φ(q)τ(χ)
tnφ
(q
t
) +∞∑
r=−∞
r 6=0
χ(r)
rn

m
χm
(v
d
)
µm
(v
d
)
τm(χ)
.
Noting that
χ
(v
d
)
= χ
( v
dt
)
χ(t), µ
(v
d
)
= µ
( v
dt
)
µ(t),
then we get
χ
( v
dt
)
µ
( v
dt
)
φ(q)
tnφ
(q
t
)
χ
(v
d
)
µ
(v
d
) = φ(t)
tnχ(t)µ(t)
=
χ(t)µ(t)φ(t)
tn
.
Therefore by Lemma 3 and the above we have
∑
χ 6=χ0
τ(χ)6=0
Bmn,χ
τm(χ)
=
(−1)m(n!)mqm(n−1)
(2pii)nm
∑
d|v
∑∗
χ mod ud
∑
t| v
d
χ(t)µ(t)φ(t)
tn
+∞∑
r=−∞
r 6=0
χ(r)
rn

m
=
=
(−1)m2m−1(n!)m
(2pii)nm
qm(n−1)−1φ2(q)
∏
p‖q
(
1 +
1
p− 1
)
+O
(
qm(n−1)d(q)
)
.
Theorem 1 is proved.
From the orthogonality relations for character sums, formula (1) and Lemma 4 we can get
∑
χ2 6=χ0
τ(χ1χ2)Bn,χ2 = −
n!qn−1
(2pii)n
+∞∑
r=−∞
r 6=0
1
rn
∑
χ2 6=χ0
τ(χ1χ2)G(r, χ2) =
= −n!q
n−1
(2pii)n
+∞∑
r=−∞
r 6=0
1
rn
q∑
a=1
χ1(a)e
(
a
q
) q∑
b=1
e
(
br
q
) ∑
χ2 6=χ0
χ2(a)χ2(b) =
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= −n!q
n−1φ(q)
(2pii)n
+∞∑
r=−∞
r 6=0
1
rn
q∑
a=1
χ1(a)e
(
a(1 + r)
q
)
+O (qn) =
= −n!q
n−1φ(q)
(2pii)n
+∞∑
r=−∞
r 6=1
G(r, χ1)
(r − 1)n +O (q
n) =
=

(−1)n+1n!qn−1φ2(q)
(2pii)n
+O (qnd(q)) , if χ1 = χ0 is the principal character;
O
(
qn+1/2d(q)
)
, otherwise.
Then we have
∑
χ1 mod q
 ∑
χ2 6=χ0
τ(χ1χ2)Bn,χ2
m =
=
 ∑
χ2 6=χ0
τ(χ0χ2)Bn,χ2
m + ∑
χ1 6=χ0
 ∑
χ2 6=χ0
τ(χ1χ2)Bn,χ2
m =
=
(−1)(n+1)m(n!)m
(2pii)nm
qm(n−1)φ2m(q) +O
(
qm(n+1)−1d(q)
)
+O
(
qm(n+1/2)+1dm(q)
)
,
which is valid for m > 2.
Theorem 2 is proved.
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